Abstract. We present classification results for exceptional Legendrian realisations of torus knots. These are the first results of that kind for non-trivial topological knot types. Enumeration results of Ding-Li-Zhang concerning tight contact structures on certain Seifert fibred manifolds with boundary allow us to place upper bounds on the number of tight contact structures on the complements of torus knots; the classification of exceptional realisations of these torus knots is then achieved by exhibiting sufficiently many realisations in terms of contact surgery diagrams. We also discuss a couple of general theorems about the existence of exceptional Legendrian knots.
Introduction
The classification of Legendrian knots is one of the basic questions in 3-dimensional contact topology. The first classification result -for Legendrian realisations of the topological unknot in the 3-sphere S 3 with its standard tight contact structure ξ st -is due to Eliashberg and Fraser [13] ; see also [14] . Legendrian realisations of torus knots and the figure eight knot in (S 3 , ξ st ) were classified by Etnyre and Honda [16] . In those topological knot types one can determine the range of the classical invariants tb (Thurston-Bennequin invariant) and rot (rotation number), and it is shown that these invariants suffice to distinguish the knots up to Legendrian isotopy.
In general, further invariants are required for a complete classification. The first example of that kind was discovered by Chekanov [3] and Eliashberg: there are two Legendrian realisations of the 5 2 knot with the same classical invariants that can be distinguished by a differential graded algebra associated with the Legendrian knot.
The Legendrian classification question can be extended in various directions: Legendrian links [6] , knots or links in other tight contact 3-manifolds [1, 4, 8, 24, 32] , or knots in overtwisted contact structures [14, 15, 21] . Here we have only cited a few examples where again the classical invariants suffice to distinguish all Legendrian realisations.
Knots of the latter kind are the object of interest in this paper. They fall into two classes. Definition 1.1. A Legendrian knot L in an overtwisted contact 3-manifold (M, ξ) is called exceptional (or non-loose) if its complement (M \ L, ξ| M\L ) is tight; L is called loose if the contact structure is still overtwisted when restricted to the knot complement.
As shown by Etnyre [15, Theorem 1.4] , loose Legendrian knots in null-homologous knot types in any contact 3-manifold are classified by the classical invariants (and the range of the invariants is only restricted by tb + rot being odd). See also [12, Theorem 0.1] and [7, Theorem 6] .
Remark 1.2.
Here by 'classification' we always mean the classification of oriented Legendrian knots up to coarse equivalence, i.e. up to contactomorphism of the ambient manifold. Since the contactomorphism groups of contact manifolds other than (S 3 , ξ st ) are not, in general, connected, the classification up to Legendrian isotopy is more subtle.
The classification of exceptional Legendrian knots is more involved than that of loose ones. Exceptional topological unknots were classified by Eliashberg and Fraser [14] ; see [21, Theorem 5.1] for an alternative argument. Recall that, up to isotopy, there is an integer family of overtwisted contact structures on S 3 , which are distinguished by the Hopf invariant h ∈ Z of the underlying tangent 2-plane field. We work instead with the d 3 -invariant (see [9] for its general definition); for S 3 the two invariants are related by d 3 = −h − 1/2. We write ξ d for the overtwisted contact structure on S 3 characterised by d 3 (ξ d ) = d ∈ Z + 1/2. The standard contact structure on S 3 has d 3 (ξ st ) = −1/2; thus, whenever we have a contact structure on S 3 (e.g. a structure obtained by one of the surgery diagrams used in this paper) with d 3 = −1/2, we know right away that the contact structure is overtwisted.
Theorem 1.3 (Eliashberg-Fraser).
Let L ⊂ (S 3 , ξ) be an exceptional unknot in an overtwisted contact structure ξ on the 3-sphere. Then ξ = ξ 1/2 , and the classical invariants can take the values tb(L), rot(L) ∈ (n, ±(n − 1)) : n ∈ N .
These invariants determine L up to coarse equivalence.
In [21] we classified exceptional rational unknots in lens spaces. In the present paper we achieve the first classification of exceptional realisations of non-trivial topological knot types.
One issue that did not arise in [14] or [21] was that of positive Giroux torsion (as defined in [26] ), because there the knot complement was a solid torus S 1 × D 2 , which would become overtwisted by introducing Giroux As shown by Etnyre [15] , see also the discussion in [33] , one can produce infinitely many exceptional Legendrian knots -with the same classical invariants -that are not coarsely equivalent, by introducing Giroux torsion along an incompressible torus in the knot complement, which does not change the ambient contact structure.
When one wants to classify exceptional Legendrian realisations in a given topological knot type, it is therefore reasonable to impose the stronger condition that the knot complement is not only tight, but that it has zero Giroux torsion. Recall that overtwisted contact structures have infinite Giroux torsion. We adopt the following terminology from [33] .
Even in the strongly exceptional case, the classical invariants may not distinguish all Legendrian realisations, as shown in [33] .
Our aim in this paper will be to classify strongly exceptional realisations of certain torus knots. We begin in Section 2 with the observation that, as a consequence of the Legendrian surgery presentation theorem [5, 9] , any closed, overtwisted contact 3-manifold contains an exceptional Legendrian knot. (This also follows from the work of Etnyre and Vela-Vick [17] .) In Section 3 we give a sufficient criterion for a topological knot type to admit an exceptional realisation.
The strategy for classifying exceptional torus knots is similar to the one we employed in [21] for the classification of exceptional rational unknots. The complement of a torus knot is a bounded 3-manifold that admits a Seifert fibration over the disc with two multiple fibres. For certain boundary conditions, the tight contact structures (of zero Giroux torsion) on such manifolds have been classified by DingLi-Zhang [10] . Their results give us an upper bound on the number of Legendrian realisations whose complement has zero Giroux torsion, in other words, strongly exceptional realisations or realisations in (S 3 , ξ st ). Realisations of the latter kind have been classified, as mentioned before, by Etnyre-Honda [16] . It then remains to exhibit sufficiently many strongly exceptional realisations in terms of surgery diagrams. The new ingredient for establishing that the examples are indeed strongly exceptional is the LOSS invariant L from [28] and a vanishing theorem for L due to Stipsicz and Vértesi [33] .
In Section 4 we describe the Seifert fibration of torus knot complements and summarise the relevant results from [10] . In Section 5 we then apply this to the left-handed trefoil knot; here the results of [10] allow the most comprehensive classification. All the known exceptional realisations in cases (b) and (c) likewise live in the contact structure ξ 3/2 on S 3 . We conjecture that the examples we shall describe constitute a complete list of strongly exceptional realisations of the left-handed trefoil knot.
In Section 6 we discuss the classification of strongly exceptional right-handed trefoils. Finally, in Section 7 we give some classification results for two general classes of torus knots. Some of the detailed calculations of the classical invariants and the d 3 -invariant are relegated to Section 8. Remark 1.6. As we shall see presently, all closed overtwisted contact 3-manifolds contain exceptional Legendrian knots. The two theorems we stated so far indicate that on a given differential manifold (here: the 3-sphere), exceptional realisations of a given knot type may exist in only one or very few overtwisted contact structures. The examples below will confirm this observation. This suggests that the 'most simple' exceptional knot in an overtwisted contact structure is a measure for its complexity.
Existence of exceptional knots
The first example of an exceptional Legendrian knot was found by Dymara [12] . The intricacy of her construction could lead one to expect such knots to be scarce. The following theorem, however, shows that every overtwisted contact manifold contains an exceptional knot. Here we give a surgical proof that develops the idea on which the explicit realisations of exceptional knots in the present paper will be based.
Proof of Theorem 2.1. According to the surgery presentation theorem of [5] The following proposition says that exceptional knots realised as in the proof of Theorem 2.1 will always be strongly exceptional. Proof. In the foregoing proof we have seen that contact (−1)-surgery along L produces a strongly symplectically fillable contact 3-manifold. As shown by Gay [18, Corollary 3] , positive Giroux torsion obstructs strong fillability. Thus, contact (−1)-surgery along L produces a manifold with zero Giroux torsion. In particular, the complement of L in (M, ξ) must have been of zero Giroux torsion.
Exceptional knots in (S
By Theorem 1.3, the contact structure ξ 1/2 is distinguished as the only overtwisted contact structure on S 3 containing exceptional realisations of the topological unknot. The following proposition gives a sufficient criterion for a topological knot type to admit an exceptional Legendrian realisation in (S 3 , ξ 1/2 ).
Proof. Given L ⊂ (S 3 , ξ st ), perform two contact (+1)-surgeries along a standard Legendrian meridian and its push-off as shown in Figure 1 . The Kirby moves in Figure 2 show that the surgered manifold is again the 3-sphere, and the topological knot type of L is not affected by the surgeries. From the formula in [9, Corollary 3.6] (see equation (5) below) it follows that the d 3 -invariant of the surgered contact structure equals 1/2.
Figure 2. The topological type of (S 3 , L) is unchanged by the surgery.
In order to see that L ⊂ (S 3 , ξ 1/2 ) is exceptional, we perform contact (−1)-surgery on L (in addition to the two (+1)-surgeries). By [7, Proposition 2] , in the contact manifold obtained (from any initial contact manifold) by a contact (−1)-surgery along a Legendrian knot K, the standard Legendrian meridian of K is Legendrian isotopic to the Legendrian push-off of K. Thus, surgery along the three knots as described is equivalent to a (−1)-surgery along L and (+1)-surgeries along two push-offs of L. By the cancellation lemma, this amounts to a single
, which proves this latter realisation of L to be exceptional. In a different context, these Legendrian torus knots were studied in [2, Example 4.1.13].
Exceptional torus knots
In this section we provide some background for the study of exceptional realisations of torus knots.
Seifert fibrations of torus knot complements. For given coprime integers
This defines a Seifert fibration with two singular fibres of multiplicity |p| and |q| through the points (1, 0) and (0, 1), respectively. All regular fibres are copies of the (p, q)-torus knot. Choose integers p ′ , q ′ such that pq ′ + p ′ q = 1. Then, with the conventions of [20, Section 2.2], the Seifert invariants are given by
where we include a Seifert pair (1, 0), corresponding to a non-singular fibre, to represent a copy K of the (p, q)-torus knot. In particular, the complement of K is Seifert fibred. Notice that by [30] , the property of having a Seifert fibred complement characterises torus knots. Write µ for the meridian on the boundary ∂(νK) of the tubular neighbourhood; as a longitude λ we choose a parallel Seifert fibre, so that the linking number between K and λ is lk(K, λ) = pq. On the complement M (D 2 ; −p ′ /p, −q ′ /q), the meridian µ is identified with −∂D 2 ×{1}; the longitude λ corresponds to an S 1 -fibre { * } × S 1 for some point * ∈ ∂D 2 . In [10] , the authors determine the number of tight contact structures on the Seifert fibred manifold M (D 2 ; −p ′ /p, −q ′ /q) with minimal convex boundary of slope s and zero Giroux torsion along the boundary, for a certain range of permissible slopes. 'Minimality' of the boundary means that there are two dividing curves. The slope of the dividing curves is measured with respect to the basis (µ, λ) (under the above identifications). Now let L ⊂ (S 3 , ξ) be a Legendrian realisation of the (p, q)-torus knot K in some contact structure ξ on the 3-sphere. The boundary of a standard tubular neighbourhood of L is minimal convex. Write λ s , λ c for the curves on ∂(νL) representing the surface framing (i.e. the framing provided by a Seifert surface) and the contact framing, respectively. From lk(K, λ) = pq we have
So the slope s is given by
Two families of torus knots.
We now consider two families of torus knots, where, as we shall see, the classification results of Ding-Li-Zhang [10] about tight contact structures on certain Seifert fibred manifolds with torus boundary apply, and exceptional realisations can be described in surgery diagrams.
Positive torus knots.
We first look at positive (p, q)-torus knots, where p is a natural number greater than or equal to 2, and q = np + 1 for some n ∈ N. This means that p · (−n) + 1 · q = 1, so in the notation of Section 4.1 we have p ′ = 1 and q ′ = −n. Hence, we would like to determine the number of tight contact structures on
(The condition 'zero Giroux torsion along the boundary' will be understood from now on.) By [10, Proposition 2.2], this is the same as the number of tight structures on
The Seifert invariant r 1 := (p − 1)/p lies in the interval [ 1 /2, 1), the invariant r 2 := n/(np + 1), in (0, 1 /2). It follows that the only case of the classification in [10] that applies is their case (1) , where the concrete values of the Seifert invariants r 1 , r 2 (in the range (0, 1) ∩ Q) are irrelevant, but the slope s has to satisfy
The slope in equation (1) 
Negative torus knots.
We consider negative (p, q)-torus knots with p ≥ 2 and q = −(np − 1) for some n ≥ 2. We have p · n + 1 · q = 1, so that p ′ = 1 and q ′ = n. This requires us to find the tight contact structures on
The value tb(L) = pq + 1 = −np 2 + p + 1
gives us s = 2, so we are again in the case (DLZ1), with no restriction on the Seifert invariants.
The Seifert invariant r 1 := (p − 1)/p lies in the interval [ 1 /2, 1), and for p ≥ 3 the Seifert invariant r 2 := n/(np − 1), in the interval (0, 1 /2). This means that no other case of the classification in [10] applies.
For p = 2 we have 1/2 < r 2 < 1 for all n, so we are in case (2) of [10] :
With equation (2) the slope condition s ∈ [0, 1) translates into tb(L) < −p(np − 1).
Exceptional left-handed trefoils
The discussion in the previous section suggests as potentially worthwhile the study of exceptional left-handed trefoils, i.e. (2, −3)-torus knots, subject to the condition tb(L) = −5 or tb(L) < −6. The aim of this section is to prove Theorem 1.5, which shows that here a complete classification is indeed possible.
As we shall see in the course of the proof, explicit realisations of the two exceptional left-handed trefoils with tb < −6 are given as follows. The left-handed trefoil L in Figure 3 , taken from [22] , is strongly exceptional with tb(L) = −6. With the clockwise orientation it has rot(L) = −7. Its negative stabilisations are strongly exceptional, with (tb, rot) = (−6 − k, −7 − k). The second strongly exceptional realisation is given by reversing the orientation, so that (tb, rot) = (−6 − k, 7 + k). 
5.1.2.
The case tb(L) < −6. For tb(L) = −6 − k, k ∈ N, the corresponding slope s = s k is given by
Now, according to [10, Theorem 1.1], the number of tight contact structures, up to isotopy fixing the boundary, on M (D 2 ; 1 /2, 2 /3) equals the number of tight contact structures, up to isotopy, on the small Seifert manifold
where the Seifert invariant r 3 is determined as follows. Choose integers a > b ≥ 0 such that
is an integer, so the recipe of [10, p. 65] again tells us to set
and to define
The number of tight contact structures on the Seifert manifold
has been determined in [25, Theorem 1.1]. The formula given there is elementary but quite involved, so we leave it to the reader to check our calculation, which gives k + 4 tight contact structures. Beware that the calculations in [25] (ii) The negative stabilisation S − L of L has the same LOSS invariant:
Moreover, in [28, Theorem 6.8] they established that the Legendrian knot L in Figure 3 with the clockwise orientation has L(L) = 0. The rotation number of L is found with the formula in [28, Lemma 6.6 ] to be rot(L) = −7. (See equation (4) below for this formula.)
With the properties (i) and (ii) of L we conclude that the negative stabilisations of L give us exceptional Legendrian left-handed trefoils with (tb, rot) taking the values (−6 − k, −7 − k), k ∈ N. Reversing the orientation of these knots gives exceptional trefoils with (tb, rot) = (−6 − k, 7 + k). 
5.4.
Proof of Theorem 1.5. For tb(L) = −6−k, k ∈ N, we found in Section 5.1.2 that there are at most k + 4 Legendrian realisations with zero Giroux torsion in the complement. Theorem 5.1 gives us k + 2 realisations in ξ st , so there can be at most two strongly exceptional realisations. These are the two described in Section 5.3 and detected by the LOSS invariant.
The examples in Section 5.3 include the case tb = −6 (as shown in Figure 3 ).
Remark 5.3. From our discussion we can conclude that the knot −L, i.e. the knot in Figure 3 with the counter-clockwise orientation has L(−L) = 0. For otherwise the negative stabilisations of −L would likewise be strongly exceptional. This would give more strongly exceptional realisations than allowed by the arithmetic in Section 5.1. For instance, for tb = −7 there can be at most five Legendrian realisations of the left-handed trefoil with complement having zero Giroux torsion. The three realisations in ξ st have rot ∈ {0, ±2}. The exceptional knots ±S − L in ξ 3/2 have rot = ±8. The knot S − (−L) = −S + L has rot = 6, so it must be distinct from the other five, and hence loose.
For tb(L) = −5 there can be at most two strongly exceptional realisations of the left-handed trefoil by the calculation in Section 5.1.1. Explicit realisations, as we shall explain, are given in Figure 4 (with the two choices of orientation for L). Proof. The knot L has linking −2 with the surgery curve K at the bottom of the picture, whose topological surgery framing is −1. By blowing up twice, so that we place two (+1)-framed meridians around K, we can turn L into a parallel curve of K (with zero linking), and the surgery framing of K has changed to +1. A handle slide of L over K will then turn L into a meridian of K, unlinked from the next surgery curve and the two (+1)-framed meridians. Blowing down the two meridians will return the old surgery framing −1 of K; the resulting situation is shown in Figure 6 .
For m = 0, this is the same picture as in [22, Figure 3 ]. For m ≥ 1, blowing down K will increase the surgery framing of the next unknot in the chain to −1. We continue in this fashion with m − 1 further blow-downs until we reach the same picture as in the case m = 0. The further Kirby moves that turn this into the picture of a left-handed trefoil in S 3 are shown in Figures 3 and 4 of [22] .
. . . Proof. Although the final topological picture does not change by adding Legendrian unknots with tb = −1 and contact surgery coefficient −1 to the vertical chain in Figure 5 , each of these unknots, when it is blown down, increases the framing of L by one. It therefore suffices to show that tb(L) = −5 for the Legendrian knot L shown in Figure 4 , which can be done with the formula from [28, Lemma 6.6], cf. [21, Lemma 3.1] and [11] . Let M be the linking matrix of the surgery diagram in Figure 4 . When we order the surgery knots as L 1 , . . . , L 4 from left to right and orient them clockwise, this linking matrix is
The extended linking matrix M 0 is defined by including L as the first knot in the diagram, with self-linking number set to zero:
Write tb 0 for the Thurston-Bennequin invariant of L as a knot in the unsurgered copy of S 3 . Then the formula from [28] for the Thurston-Bennequin invariant of the left-handed trefoil knot L in the surgered copy of S 3 gives
For the rotation number rot(L) of L in the surgered S 3 we also have a formula from [28] ; cf. [11] . Write rot 0 for the rotation number of L in the unsurgered copy of S 3 . Then
The computation of the rotation number for the general case shown in Figure 5 is analogous, see Section 8.1.
Notice that for m = 6, when tb(L) = 1, we have rot(L) = 0, so we cannot distinguish the two orientations of L.
The lacuna in the classification of tight contact structures on the trefoil complement prevents us from concluding that the examples for m ≥ 1 constitute a comprehensive list in the range tb > −5.
The next lemma says that L lives in an overtwisted contact structure, and as the push-off of the single contact (+1)-surgery curve, it must then be strongly exceptional by Proposition 2.4. This completes the proof of Theorem 1.5. Proof. We carry out the computation for the case m = 0 shown in Figure 4 ; for the general case see Section 8.1. Read as a Kirby diagram, there are four 2-handles in this figure, so it describes a 2-handlebody X of Euler characteristic χ(X) = 5. The signature of this 4-manifold X is σ(X) = −2. This can be computed as the signature of the linking matrix M ; better, it can be determined by keeping track of the (positive or negative) blow-ups during the Kirby moves. By [9, Corollary 3.6], the d 3 -invariant of the contact structure ξ described by the surgery diagram is then given by
where q denotes the number of contact (+1)-surgeries (here q = 1), and c ∈ H 2 (X; Z) is the cohomology class which evaluates as rot(L i ) on the homology generator of X defined by a Seifert surface of the surgery knot L i glued with the core disc in the corresponding 2-handle. Write rot for the vector of rotation numbers of the L i . Then the square c 2 ∈ Z is found as c 2 = x t M x, where x is a solution of the linear equation M x = rot.
In our situation, we have rot = (0, 0, 1, 0) t and x = (2, 4, 6, 3) t . This gives c 2 = x t rot = 6 and
that is, ξ = ξ 3/2 .
Exceptional right-handed trefoils
We now consider Legendrian realisations L of the right-handed trefoil, i.e. the (2, 3)-torus knot. We show that any value of tb can be realised by an exceptional right-handed trefoil, and we give a complete classification for one value of tb.
By Section 4.2.1, for tb(L) = 7 the knot complement is the Seifert manifold
Computing as in Section 5.1.1, where now −1/r 2 = −3 gives us a 2 0 = −3, one finds that there are at most four strongly exceptional realisations. Proposition 6.1. There are exactly four strongly exceptional realisations L of the right-handed trefoil knot with tb(L) = 7. They are shown in Figure 7 (with either orientation of L). Figure 7 . The four right-handed exceptional trefoils with tb = 7.
Proof. Topologically, the surgery diagram consists of a chain of three unknots with surgery coefficients −3, −1, −2. After thrice blowing down a (−1)-curve we obtain the 3-sphere. This also shows that the handlebody X described by the diagram has signature σ(X) = −3. The Kirby moves for showing that L is topologically a right-handed trefoil in the surgered S 3 are analogous to those in the proof of Lemma 5.4.
Straightforward computations yield the following classical invariants and d 3 -invariant. The Legendrian realisation L on the left in Figure 7 has (tb, rot) = (7, ±4) ; the one on the right, (tb, rot) = (7, ±8). The overtwisted contact structure of the surgered S 3 on the left is ξ 1/2 ; on the right, ξ −3/2 .
Although we have no tools yet to classify exceptional right-handed trefoils L with tb(L) = 7, we can say something about their existence for all values of tb.
An example with (tb, rot) = (6, ±7) in (S 3 , ξ −3/2 ) has been described in [28, Figure 9 ]. With one of its orientations, this has non-zero LOSS invariant, so by taking negative stabilisations (and then either orientation) we obtain a pair of exceptional right-handed trefoils for all values of tb ≤ 6. By putting the two zigzags of the stabilised knot in [28, Figure 9 ] to the other side, or one zigzag on either side, one obtains exceptional right-handed trefoils in (S 3 , ξ 1/2 ) with (tb, rot) = (6, ±1) and (6, ±3), respectively. We do not know, however, whether these new examples have non-zero LOSS invariant.
The first examples with tb > 7 are shown in Figure 8 . For m = 0 these examples reduce to those in Figure 7 , and the same argument as for the left-handed trefoils shows why the Thurston-Bennequin invariant takes the value m + 7. The computation of the other invariants is completely standard, and we only give the results in Table 1 . We summarise our findings in the following proposition. Table 1 . Invariants of the right-handed trefoils in Figure 8 .
General torus knots
In this section we prove two classification results for strongly exceptional realisations of general torus knots.
Proposition 7.1. For p ≥ 2 and n ≥ 1, there are exactly 2p strongly exceptional Legendrian realisations L of the (p, np + 1)-torus knot with tb(L) = np 2 + p + 1. They are shown in Figure 9 (with either orientation of L), where k, l ∈ N 0 with k + l = p − 1. The rotation number of these knots is
The ambient overtwisted contact structure ξ is determined by
. . . Remark 7.2. We take the opportunity to point out a minor correction to Figure 18 of [31] . The n − 1 meridians with surgery framing −2 ought to link one another −1 times. Proposition 7.3. For p ≥ 2 and n ≥ 2, there are exactly 2(p − 1)(n − 1) strongly exceptional realisations L of the (p, −(np−1))-torus knot with tb(L) = −np 2 +p+1. They are shown in Figure 10 (with either orientation of L), where k, l, u, v ∈ N 0 with k + l = p − 2 and u + v = n − 2. The rotation number of these knots is
Proof. The Seifert invariants are r 1 = p/(p − 1) and r 2 = n/(np − 1), and the boundary slope is s = 2. We have the continued fraction expansions
The formula in Section 5.1.1 gives us 2(p − 1)(n − 1) distinct contact structures of zero Giroux torsion on the knot complement. Thus, we need to verify that Figure 10 shows 2(p − 1)(n − 1) distinct Legendrian realisations of the (p, −(np − 1))-torus knot.
As before, topologically we transform L into a meridian of the parallel knot. We then have the same diagram as in [22, Figure 7] , where it is shown that L is a (p, −(np − 1))-torus knot.
For the remaining calculations see Section 8.3. In particular, we have
from which we can deduce directly that the contact structures on S 3 described by the surgery diagrams in Figures 9 and 10 must be overtwisted.
(2) Alternative descriptions of the exceptional (p, −(np − 1))-torus knots can be found in [22, Figure 6] . In that paper, we showed that, ignoring the orientation of L, the (p − 1)(n − 1) realisations can be distinguished by the result of performing contact (−1)-surgery on them: one obtains the lens space L(np 2 − p + 1, p 2 ) with (p − 1)(n − 1) pairwise homotopically distinct contact structures, detected by the Euler class. To distinguish the different orientations of L, one needs the rotation number.
Some computations
In this section we collect a few more details about the calculations in the general cases of the previous sections.
8.1. Left-handed trefoils. For the computation of the rotation number in Lemma 5.5 for arbitrary m we order the knots in the surgery diagram ( Figure 5 ) from the bottom to the top of the vertical chain, followed by the three knots at the top, starting at the right. Then the linking matrix M (with all knots oriented clockwise) becomes 
The vectors of rotation and linking numbers, with L also oriented clockwise, are
respectively. By the formula (4) for rot(L) in the proof of Lemma 5.5 (or rather the obvious generalisation of this formula to any number of surgery knots), we need only compute the first entry of M −1 lk, for which it suffices to know the first row of M −1 . By the symmetry of M (and hence M −1 ), this is the same as the first
Then rot(L) = 1 − (−2, −1, 0, . . . , 0)x = 6 − m. Next we compute the d 3 -invariant for the surgered S 3 shown in Figure 5 , which we claimed in Lemma 5.6 to equal 3/2 for all m ∈ N. For m = 0 we had χ(X) = 5 and σ(X) = −2. Each additional 2-handle adds 1 to the Euler characteristic, so the corresponding handlebody X m has χ(X m ) = m + 5. The additional surgery curves correspond to negative blow-ups, which gives σ(X m ) = −2 − m. The square of the first Chern class is computed as x t M x, where x is a solution of M x = rot. So this is indeed the vector x we have found above, which yields c 2 = 6 − m. Putting this information into the formula (5) for d 3 we find the the claimed value.
8.2. Positive torus knots. In Figure 9 we take the 'shark' parallel to L as the first knot, followed by the n parallel unknots at the top and the p − 1 parallel unknots at the bottom. Then the linking matrix M (with all knots oriented clockwise) takes the form
Here all off-diagonal elements in the two quadratic subblocks of size n and p − 1 are −p and −1, respectively. By elementary row and column reduction one checks that det M = (−1) n+p . Similarly, for the extended matrix M 0 (as defined in the proof of Lemma 5.5), one finds det M 0 = (−1) n+p (np 2 + p + 3). With (3) this yields
In order to compute the rotation number with formula (4), we first need to determine M −1 lk, where lk = (−2, −1, . . . , −1) t is the vector of linking numbers of L with the n + p surgery knots. This computation can be simplified by summing over the two boxes of size n and p − 1 in M . Thus, we define the 'deflated' matrix
t is the deflated vector of linking numbers. This gives
Write rot = (1, l − k, 0) t for the deflated vector of rotation numbers. With formula (4) we obtain
or the negative of that for the counter-clockwise orientation of L. As k and l range over N 0 subject to the condition k + l = p − 1, some simple arithmetic shows that this gives 2p distinct values for the rotation number.
Remark 8.1. The contact (−1)-surgeries along the n or p − 1 parallel knots in Figure 9 (which are Legendrian push-offs of one another) are equivalent, by the algorithm of [9] , to a contact (−1/n)-or (−1/(p − 1))-surgery along a single copy of the respective knot. For diagrams involving contact (1/k)-surgeries, k ∈ Z, one can directly apply the formula in [11, Theorem 2.2] to compute rot(L). For the diagram at hand, that formula is identical to the one we obtained above by 'deflation'.
For the computation of the d 3 -invariant we first observe that the handlebody X described by the surgery diagram in Figure 9 has Euler characteristic χ(X) = 1 + n + p, since the number of 2-handles is n + p, and signature σ(X) = −n − p, as can be seen from the n + p negative blow-downs during the Kirby moves in [31, Figure 18 Figure 9 into rational surgeries as explained in Remark 8.1. Our deflated matrix M ′ is precisely the matrix Q on page 525 of [11] , obtained from the rational surgery coefficients. The characteristic polynomial of this matrix has three negative real roots, so in the notation of [11] we have σ(M ′ ) = −3. The rational contact surgery coefficients are +1, −1/n, and −1/(p − 1). Plugging this into the formula of [11, Theorem 5 .1], we obtain
as in Proposition 7.1.
(2) A formula for computing the Thurston-Bennequin invariant of Legendrian knots represented in surgery diagrams involving rational contact surgeries was found in [27] . This formula tells us that, with lk = (−2, −1, −1) t denoting the vector of linking numbers in the rational diagram (i.e. the deflated vector), 8.3. Negative torus knots. In Figure 10 we take the knot parallel to L as the first knot, followed by the p − 1 unknots at the bottom, and finally the two knots above L. With all knots oriented clockwise, the linking matrix is We now sum over the quadratic subblock of size p − 1 to obtain the deflated matrix The number of 2-handles is p + 2, so the handlebody X described by the Kirby diagram in Figure 10 has χ(X) = p + 3. From the Kirby moves in [22, Figure 7 ] one reads off that σ(X) = 1 − (p + 1) = −p. The solution of the equation
We then compute Putting all this information into the formula (5) for d 3 gives the value claimed in Proposition 7.3. Again we observe that the d 3 -invariant never takes the value −1/2.
